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We construct small-x evolution equations which can be used to calculate quark and anti-quark
helicity TMDs and PDFs, along with the g1 structure function. These evolution equations resum
powers of αs ln
2(1/x) in the polarization-dependent evolution along with the powers of αs ln(1/x) in
the unpolarized evolution which includes saturation effects. The equations are written in an operator
form in terms of polarization-dependent Wilson line-like operators. While the equations do not close
in general, they become closed and self-contained systems of non-linear equations in the large-Nc
and large-Nc &Nf limits. We construct a numerical solution of the helicity evolution equations in
the large-Nc limit. Employing the extracted intercept, we are able to predict directly from theory
the behavior of the quark helicity PDFs at small x, which should have important phenomenological
consequences. We also give an estimate of how much of the proton’s spin may be at small x and
what impact this has on the so-called “spin crisis.”
I. INTRODUCTION
These proceedings are based on the work done in [1–3].
Our aim is to derive perturbative QCD prediction for
the asymptotic small Bjorken x behavior of the quark and
gluon helicity distribution functions and for related ob-
servables. In these proceedings we will concentrate on the
flavor-singlet quark helicity distribution ∆q(x,Q2). We
will derive helicity evolution equations resumming pow-
ers of αs ln
2(1/x) with αs the strong coupling constant:
this resummation is referred to as the double-logarithmic
approximation (DLA). These evolution equations allow
one to determine the leading perturbative behavior of
the small-x asymptotics of ∆q(x,Q2) (see [2, 3]). Such
theoretical input is necessary to assist the efforts to de-
termine the small-x part of the quark contribution to
proton spin
Sq(Q
2) =
1
2
1∫
0
dx∆Σ(x,Q2),
∆Σ(x,Q2) =
[
∆u+ ∆u¯+ ∆d+ ∆d¯+ . . .
]
(x,Q2), (1)
where the helicity parton distribution functions (hPDFs)
are
∆f(x,Q2) ≡ f+(x,Q2)− f−(x,Q2). (2)
The ultimate goal of determining the proton spin carried
by quarks [and the spin carried by the gluons, SG(Q
2)]
is to resolve the proton spin crisis.
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II. THE OBSERVABLES
The small-x helicity observables can be obtained by
studying the cross section for semi-inclusive deep inelas-
tic scattering (SIDIS) on a longitudinally polarized tar-
get, γ∗ + ~p → ~q + X. The contributions are shown dia-
grammatically in Fig. 1 (see [4] for a derivation).
The corresponding flavor-singlet quark helicity trans-
verse momentum-dependent parton distribution function
(TMD) is [1]
gS1L(x, k
2
T ) =
8Nc
(2pi)6
∑
f
1∫
zi
dz
z
∫
d2x⊥ d2y⊥ e−ik·(x−y)
× x− w|x− w|2 ·
y − w
|y − w|2 d
2w⊥Gx,w(z). (3)
The notation is explained in Fig. 1. Here k = (kx, ky)
denotes transverse vectors, with k⊥ = |k|. Variable z
denotes the fraction of the virtual photon’s longitudinal
momentum carried by the anti-quark with zi = Λ
2/s,
where Λ is the infra-red (IR) cutoff, and s is the SIDIS
center-of-mass energy squared. The object G is the po-
larized dipole amplitude, which is defined by [1]
G10(z) ≡ 1
2Nc
〈〈
tr
[
V0V
pol †
1
]
+ tr
[
V pol1 V
†
0
] 〉〉
(z), (4a)
G(x201, z) ≡
∫
d2b G10(z), (4b)
where b = (1/2)(x1 + x0). The propagator of an eikonal
quark with polarization σ in the background quark or
gluon field of the target proton is written as
Vx(σ) ≡ Vx + σV polx (5)
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FIG. 1. Diagrams contributing to the small-x SIDIS process on a longitudinally polarized target, and to quark helicity TMD
gq1L(x, kT ).
where
Vx ≡ P exp
ig ∞∫
−∞
dx+A−(x+, 0−, x)
 (6)
is the light-cone Wilson line, and V pol is the helicity-
dependent sub-eikonal correction. The double angle
brackets indicate averaging in the target wave function,
with an inverse factor of center-of-mass energy squared
scaled out:
〈. . .〉 (z) = 1
z s
〈〈. . .〉〉 (z). (7)
The polarized dipole amplitude can be used to obtain
other helicity observables. The flavor-singlet quark he-
licity PDF,
∆qS(x,Q2) ≡
∑
f
[
∆qf (x,Q2) + ∆q¯f (x,Q2)
]
, (8)
at small-x is equal to
∆qS(x,Q2) =
Nc
2pi3
∑
f
1∫
zi
dz
z
1
zQ2∫
1
zs
d|x− w|2
|x− w|2 G(|x− w|
2, z).
(9)
The g1 structure function is
gS1 (x,Q
2) =
Nc
2pi2αEM
∑
f
1∫
zi
dz
z2(1− z)
∫
d|x− w|2
×
[
1
2
∑
λσσ′
|ψTλσσ′ |2(|x−w|2,z) +
∑
σσ′
|ψLσσ′ |2(|x−w|2,z)
]
× G(|x− w|2, z), (10)
where ψT and ψL are the well-known light cone wave
functions for the γ∗ → qq¯ splitting (see e.g. [1]).
Our aim is to find the small-x evolution equations for
the polarized dipole amplitude G10(z). Once G10(z) is
found, we can use Eqs. (3), (9) and (10) to construct
the flavor-singlet quark helicity TMD, PDF and the g1
structure function.
III. LARGE-Nc LIMIT
Similar to the case of JIMWLK evolution and Balit-
sky hierarchy, the general evolution equation for G10(z)
does not close: on its right-hand side it contains opera-
tor expectation values other than G10(z). The operators
on the right-hand side contain higher number of Wilson
lines than G10(z). This leads to the helicity evolution
analogue of the Balitsky hierarchy.
However, also similar to the unpolarized (BK) case,
the evolution equations become closed equations involv-
ing G10(z) in the large-Nc limit. In addition, specific to
the helicity evolution case at hand, evolution equations
also close in the large-Nc &Nf limit. Below we will first
discuss the large-Nc case.
Here we simply quote the results, referring the reader
to the derivation details in [1, 3]. Similar to [5], our evolu-
tion equations also resum the leading-logarithmic (LLA)
powers of αs ln(1/x) by including the BK/JIMWLK
evolved unpolarized dipole S-matrix
S01(z) =
1
2Nc
〈〈
tr
[
V0 V
†
1
]
+ tr
[
V1 V
†
0
] 〉〉
(z)
≈ 1
Nc
〈〈
tr
[
V0 V
†
1
] 〉〉
(z), (11)
where we assume that
tr
[
V0 V
†
1
]
= tr
[
V1 V
†
0
]
, (12)
which is true at LLA. Note that LLA terms of the pure
helicity evolution are not systematically included in this
approach: hence we do not have a complete LLA calcula-
tion, and our results are strictly correct only in the DLA
limit where S01(z) = 1.
The evolution equation for G10(z) is illustrated in the
top line of Fig. 2. Note that the large-Nc limit is gluon-
dominated: hence the dipole 10 is made out of quark
and anti-quark lines of the large-Nc gluon. The equation
reads (xij = |xi − xj |, ρ′2 = 1/(z′ s))
G10(z) =G
(0)
10 (z) +
αsNc
2pi
z∫
1/(s x210)
dz′
z′
x210∫
ρ′2
dx221
x221
× [2 Γ02, 21(z′)S21(z′) + 2G21(z′)S02(z′)
+G12(z
′)S02(z′)− Γ01, 21(z′)] , (13)
3∂
∂ ln z
=
0
1
G10(z)
∂
∂ ln z′
1
0
2
Γ02,21(z
′) =
z
z
z′
+
+ −
+
+
−
Γ02,21(z)
S21(z)
Γ03,32(z
′)
S23(z
′)
3
2
0
1
z
1
0
2
z′
z
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FIG. 2. Large-Nc helicity evolution for the polarized dipole amplitude G and the neighbor dipole amplitude Γ. For pictorial
simplicity we do not show the contributions of the initial condition terms. Double lines denote gluons at large Nc. Only one
of the virtual diagrams is shown (last diagram in each line): virtual corrections to the right of the shock wave are implied, but
not shown explicitly.
where Γ02, 21(z
′) is the new object (as compared to the
unpolarized evolution), characteristic of helicity evolu-
tion. Γ02, 21(z
′) is the “neighbor dipole” amplitude. Its
evolution is described in the bottom line of Fig. 2. As
shown in the figure, the “neighbor” dipole evolution con-
tinues in dipole 02, but the information about the dipole
21 comes in through the transverse size integration limit.
(This is in contrast to unpolarized evolution, where the
evolution in, say, dipole 02 does not depend on the size of
the dipole 21 or on anything else outside the dipole 02.)
The evolution for the neighbor dipole amplitude reads
(ρ′′2 = 1/(z′′ s))
Γ02, 21(z
′) = Γ(0)02, 21(z
′) +
αsNc
2pi
z′∫
1/(s x210)
dz′′
z′′
(14)
×
min{x210,x221 z′/z′′}∫
ρ′′2
dx232
x232
[2 Γ02, 32(z
′′)S23(z′′)
+2G32(z
′′)S03(z′′) + G23(z′′)S03(z′′)− Γ02, 32(z′′)] .
Eqs. (13) and (14), when augmented by the BK evolution
for S, present a closed system of equations. The initial
conditions G(0) and Γ(0) are given by the Born-level inter-
actions, enhanced by multiple rescatterings which bring
in saturation effects.
In the strict DLA limit we can simplify Eqs. (13) and
(14) by putting S = 1 and assuming that G21 = G12. We
obtain
G01(z) = G
(0)
01 (z) +
αsNc
2pi
z∫
1/(s x210)
dz′
z′
(15a)
×
x210∫
ρ′2
dx221
x221
[Γ02, 21(z
′) + 3G21(z′)] ,
Γ02, 21(z
′) = Γ(0)02, 21(z
′) +
αsNc
2pi
z′∫
1/(s x210)
dz′′
z′′
(15b)
×
min{x202,x221 z′/z′′}∫
ρ′′2
dx232
x232
[Γ02, 32(z
′′) + 3G23(z′′)] .
IV. LARGE-Nc &Nf LIMIT
Helicity evolution equations also close in the large-
Nc &Nf limit. To write down these new evolution equa-
tions we need to define a couple of new objects. In addi-
tion to G10(z) defined in Eq. (4a) above, which is made
out of quark and anti-quark lines of gluons (with x1 line
polarized), let us define
A10(z) =
1
2Nc
〈〈
tr
[
V0 V
pol †
1
]
+ tr
[
V pol1 V
†
0
] 〉〉
(z) (16)
with x1 being a true quark or anti-quark polarized line
and x0 being the (anti-)quark line of the gluon, and
Q10(z) =
1
2Nc
〈〈
tr
[
V0 V
pol †
1
]
+ tr
[
V pol1 V
†
0
] 〉〉
(z) (17)
with both x0 and x1 being true quark and anti-quark
lines and x1 polarized.
4∂
∂ ln z
∂
∂ ln z
∂
∂ ln z
0
1
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z
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=
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FIG. 3. Large-Nc &Nf helicity evolution for the polarized dipole amplitudes Q, G and A.
Large-Nc &Nf evolution equations for Q, G and A are
illustrated diagrammatically in Fig. 3, where again we do
not show the initial condition terms for simplicity. The
equation for Q is
Q10(z) = Q
(0)
10 (z) +
αsNc
2pi
z∫
zi
dz′
z′
x210∫
ρ′2
dx221
x221
× [S21(z′) Γ02, 21(z′) + S02(z′)G21(z′)
+S02(z
′)A12(z′)− Γ¯01, 21(z′)
]
+
αsNc
4pi
z∫
zi
dz′
z′
x210z/z
′∫
ρ′2
dx221
x221
S01(z
′)A21(z′). (18)
Equation (18) is illustrated diagrammatically in the first
line of Fig. 3. The equation for G is now
G10(z) = G
(0)
10 (z) +
αsNc
2pi
z∫
zi
dz′
z′
x210∫
ρ′2
dx221
x221
× [2S21(z′) Γ02, 21(z′) + 2S02(z′)G21(z′)
+S02(z
′)G12(z′)− Γ01, 21(z′)]
− αsNf
4pi
z∫
zi
dz′
z′
x210z/z
′∫
ρ′2
dx221
x221
Γ¯02, 21(z
′). (19)
Note a new object, Γ¯02, 21, which is the neighbor dipole
amplitude with line 2 being an actual polarized quark
(or anti-quark), and, unlike in Γ02, 21, not a quark (or
anti-quark) line of a large-Nc gluon. Equation (19) is
illustrated diagrammatically in the second line of Fig. 3.
Finally, the evolution for A01(z) reads
A10(z) = A
(0)
10 (z) +
αsNc
2pi
z∫
zi
dz′
z′
x210∫
ρ′2
dx221
x221
× [S21(z′) Γ02, 21(z′) + S02(z′)G21(z′)
+S02(z
′)A12(z′)− Γ¯01, 21(z′)
]
+
αsNc
4pi
z∫
zi
dz′
z′
x210z/z
′∫
ρ′2
dx221
x221
S01(z
′)A21(z′). (20)
It is depicted in the last line of Fig. 3.
Note that Eq. (14) for the neighbor dipole amplitude
also has to be modified yielding
Γ02, 21(z
′) = Γ(0)02, 21(z
′) +
αsNc
2pi
z′∫
zi
dz′′
z′′
min{x202,x221 z′/z′′}∫
ρ′′2
dx232
x232
× [2 Γ03, 32(z′′)S23(z′′) + 2G32(z′′)S03(z′′)
+G23(z
′′)S03(z′′)− Γ02, 32(z′′)]
− αsNf
4pi
z′∫
zi
dz′′
z′′
x221 z
′/z′′∫
ρ′′2
dx232
x232
Γ¯03, 32(z
′). (21)
51
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FIG. 4. Large-Nc &Nf helicity evolution for the polarized neighbor dipole amplitudes Γ and Γ¯.
We also need an equation for Γ¯:
Γ¯02, 21(z
′) = Γ¯(0)02, 21(z
′) +
αsNc
2pi
z′∫
zi
dz′′
z′′
min{x202,x221 z′/z′′}∫
ρ′′2
dx232
x232
× [Γ03, 32(z′′)S23(z′′) +G32(z′′)S03(z′′)
+A23(z
′′)S03(z′′)− Γ¯02, 32(z′′)
]
+
αsNc
4pi
z′∫
zi
dz′′
z′′
x221 z
′/z′′∫
ρ′′2
dx232
x232
S02(z
′)A32(z′). (22)
Both of these equations are diagrammatically illustrated
in Fig. 4.
Equations (18), (19), (20), (21), and (22) are the large-
Nc &Nf helicity evolution equations which are DLA in
polarization-dependent terms, but also include LLA sat-
uration corrections through the S-matrices.
In the pure DLA limit we linearize all these equations
by putting S = 1 in them (we again assume that G01 =
G10, which is true for a large, longitudinally polarized
target):
Q01(z) =Q
(0)
01 (z) +
αsNc
2pi
z∫
zi
dz′
z′
x210∫
ρ′2
dx221
x221
× [G12(z′) + Γ02, 21(z′) +A21(z′)− Γ¯01, 21(z′)]
+
αsNc
4pi2
z∫
zi
dz′
z′
x210z/z
′∫
ρ′2
dx221
x221
A21(z
′), (23a)
G10(z) =G
(0)
10 (z) +
αsNc
2pi
z∫
zi
dz′
z′
x210∫
ρ′2
dx221
x221
× [Γ02, 21(z′) + 3G12(z′)]
− αsNf
4pi
z∫
zi
dz′
z′
x210z/z
′∫
ρ′2
dx221
x221
Γ¯02, 21(z
′), (23b)
A01(z) =A
(0)
01 (z) +
αsNc
2pi
z∫
zi
dz′
z′
x210∫
ρ′2
dx221
x221
× [G12(z′) + Γ02, 21(z′) +A21(z′)− Γ¯01, 21(z′)]
+
αsNc
4pi
z∫
zi
dz′
z′
x210z/z
′∫
ρ′2
dx221
x221
A12(z
′). (23c)
The linearized equations for Γ and Γ¯ in the large-Nc &Nf
6limit become
Γ02, 21(z
′) = Γ(0)02, 21(z
′) +
αsNc
2pi
z′∫
zi
dz′′
z′′
(24a)
×
min{x202,x221 z′/z′′}∫
ρ′′2
dx232
x232
[Γ03, 32(z
′′) + 3G23(z′′)]
− αsNf
4pi
z′∫
zi
dz′′
z′′
x221 z
′/z′′∫
ρ′′2
dx232
x232
Γ¯03, 32(z
′),
Γ¯02, 21(z
′) = Γ¯(0)02, 21(z
′) +
αsNc
2pi
z′∫
zi
dz′′
z′′
(24b)
×
min{x202,x221 z′/z′′}∫
ρ′′2
dx232
x232
[Γ03, 32(z
′′) +G23(z′′) +A23(z′′)
−Γ¯02, 32(z′′)
]
+
αsNc
4pi
z′∫
zi
dz′′
z′′
x221 z
′/z′′∫
ρ′′2
dx232
x232
A32(z
′).
(24c)
Note that in the large-Nc &Nf limit Eqs. (3), (9) and
(10) should contain Q10(z) instead of G10(z).
Clearly in the large-Nc / fixed-Nf limit the linearized
equations for G01(z) and Γ02, 21(z
′) become a closed sys-
tem of equations (15) again, as employed in the previ-
ous Subsection. Since our final observable, quark helicity
TMD or hPDF, is related to Q, for the large-Nc limit to
be relevant, G should dominate (or at least be compara-
ble to) A.
The linearized equations (23) and (24), when solved,
should yield the helicity evolution intercept in the large-
Nc &Nf limit. Solution of Eqs. (23) and (24) is left for
the future (probably numerical) work.
V. SOLUTION OF THE LARGE-Nc HELICITY
EVOLUTION EQUATIONS
Let us now solve Eqs. (15). We start by defining new
coordinates,
η ≡ ln z
zi
, η′ ≡ ln z
′
zi
, η′′ ≡ ln z
′′
zi
, (25)
s10 ≡ ln 1
x210Λ
2
, s21 ≡ ln 1
x221Λ
2
, s32 ≡ ln 1
x232Λ
2
,
as well as rescaling all η’s and sij ’s,
η →
√
2pi
αsNc
η , sij →
√
2pi
αsNc
sij . (26)
Using these variables, we write the large-Nc helicity evo-
lution equations (15) as
G(s10, η) = G
(0)(s10, η) +
η∫
s10
dη′
η′∫
s10
ds21 (27a)
× [Γ(s10, s21, η′) + 3G(s21, η′)]
Γ(s10, s21, η
′) = Γ(0)(s10, s21, η′) +
η′∫
s10
dη′′ (27b)
×
η′′∫
max{s10,s21+η′′−η′}
ds32 [Γ(s10, s32, η
′′) + 3G(s32, η′′)] .
Note that the ranges of the s21 and s32 integrations are
restricted to positive values of s21 and s32 as long as
s10 is positive; therefore, we always stay above the IR
cutoff Λ (in momentum space). The initial conditions
for Eqs. (27) are [3]
G(0)(s10, η) = Γ
(0)(s10, s21, η)
= α2spi
CF
Nc
[CF η − 2(η − s10)] , (28)
with CF = (N
2
c − 1)/(2Nc). Since the equations at hand
are linear, and we are mainly interested in the high-
energy intercept, we can scale out α2spi CF /Nc.
In order to solve Eqs. (27), we first write down a dis-
cretized version of them
Gij=G
(0)
ij + ∆η∆s
j−1∑
j′=i
j′∑
i′=i
[Γii′j′ + 3Gi′j′ ] , (29a)
Γikj =Γ
(0)
ikj + ∆η∆s
j−1∑
j′=i
j′∑
i′=max{i,k+j′−j}
[Γii′j′ + 3Gi′j′ ] ,
(29b)
where Gij ≡ G(si, ηj), Γijk ≡ Γ(si, sk, ηj), and
∆η =
ηmax
Nη
, ∆s =
smax
Ns
, (30)
with ηmax the maximum η value and Nη the number
of grid steps in the η direction, and likewise for smax,
Ns. The discretized equations (29) are exact in the limit
∆η , ∆s → 0 and ηmax , smax → ∞. To optimize the
numerics, we set ηmax = smax.
With the discretized evolution equations (29) in hand
(along with the initial conditions (28) suitably dis-
cretized), we first choose values for ηmax = smax and
∆η = ∆s. We then systematically go through the η-s
grid in such a way that each Gij (and Γijk) only depends
on G,Γ values that have already been calculated. Thus,
we can determine Gij for each i, j. Our numerical so-
lution (for ηmax = 40, ∆η = 0.05) is plotted in Fig. 5.
7FIG. 5. The numerical solution of Eqs. (27) for the polarized
dipole amplitude G plotted as a function of rescaled “rapid-
ity” η and transverse variable s10.
We find
∆qS(x,Q2) ∼ ∆Σ(x,Q2) ∼
(
1
x
)αh
(31)
with
αh = 2.31
√
αsNc
2pi
, (32)
where we have reinstated the factor
√
αsNc/2pi originally
scaled out by Eq. (26).
We note that the value in Eq. (32) is in disagree-
ment with the “pure glue” intercept of 3.66
√
αsNc/2pi
obtained by BER [6] by about 35%. In [3] we identify
DLA diagram contributions not included by the authors
of [6] in their treatment of the problem. We believe that
omitting those diagrams limited the resummation of [6]
to the leading-twist contribution only. In comparison,
our result (32) resums all twists at small x.
Interestingly, the leading twist approximation to αP−1
in BFKL evolution is larger than the exact all-twist in-
tercept by about 30% [7]; it is possible that something
similar is occurring for helicity evolution. In Ref. [3], we
have explored this possibility, performed various analyt-
ical cross-checks of our helicity evolution equations, and
compared to BER where possible; we have not found any
inconsistencies in our result.
VI. IMPACT ON THE PROTON SPIN
In order to determine the quark and gluon spin based
on Eq. (1), one needs to extract the helicity PDFs. There
are several groups who have performed such analyses,
e.g., DSSV [8, 9], JAM [10, 11], LSS [12–14], NNPDF [15,
16]. While the focus at small x has been on the behavior
of ∆G(x,Q2), there is actually quite a bit of uncertainty
in the size of ∆Σ(x,Q2) in that regime as well.
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FIG. 6. Plot of ∆Σ[xmin](Q2) vs. xmin at Q
2 = 10 GeV2. The
solid curve is from DSSV14 [9]. The dot-dashed, long-dashed,
and short-dashed curves are from various small-x modifica-
tions of ∆Σ(x,Q2) at x0 = 0.03, 0.01, 0.001, respectively, us-
ing our helicity intercept (see the text for details).
Let us define the truncated integral
∆Σ[xmin](Q2) ≡
∫ 1
xmin
dx∆Σ(x,Q2) . (33)
One finds for DSSV14 [9] that the central value of the
full integral ∆Σ[0](10 GeV2) is about 40% smaller than
∆Σ[0.001](10 GeV2). The NNPDF14 [16] helicity PDFs
lead to a similar decrease, although, due to the nature
of neural network fits, the uncertainty in this extrapola-
tion is 100%. On the other hand, for JAM16 [11] helicity
PDFs the decrease from the truncated to the full inte-
gral of ∆Σ(x,Q2) seems to be at most a few percent.
The origin of this uncertainty, and more generally the
behavior of ∆Σ(x,Q2) at small x, is mainly due to vary-
ing predictions for the size and shape of the sea helicity
PDFs, in particular ∆s(x,Q2) [8–11, 15–17]. So far, the
only constraint on ∆s(x,Q2), and how it evolves at small
x, comes from the weak neutron and hyperon decay con-
stants. Therefore, there is a definite need for direct input
from theory on the small-x intercept of ∆Σ(x,Q2): this
is what we have provided in this Letter.
We now will attempt to quantify how the small-x be-
havior of ∆Σ(x,Q2) derived here affects the integral in
Eq. (1). We take a simple approach and leave a more
rigorous phenomenological study for future work. First,
we attach a curve ∆Σ˜(x,Q2) = N x−αh (with αh given
in (32)) to the DSSV14 result for ∆Σ(x,Q2) at a partic-
ular small-x point x0. Next, we fix the normalization N
by requiring ∆Σ˜(x0, Q
2) = ∆Σ(x0, Q
2). Finally, we cal-
culate the truncated integral (33) of the modified quark
helicity PDF
∆Σmod(x,Q
2) ≡ θ(x− x0) ∆Σ(x,Q2)
+ θ(x0 − x) ∆Σ˜(x,Q2) (34)
for different x0 values. The results are shown in Fig. 6 for
Q2 = 10 GeV2 and αs ≈ 0.25, in which case αh ≈ 0.80.
We see that the small-x evolution of ∆Σ(x,Q2) could
offer a moderate to significant enhancement to the quark
spin, depending on where in x the effects set in and on
the parameterization of the helicity PDFs at higher x.
8Thus, it will be important to incorporate the results of
this work, and more generally the small-x helicity evolu-
tion equations discussed here, into future extractions of
helicity PDFs.
VII. SUMMARY
In [1, 3] we have derived small-x evolution equations
for the polarized dipole amplitude. The equations close
in the large-Nc and large-Nc &Nf limits. The large-Nc
equations are presented above. The solution of these
equations provides theoretical input on the perturbative
value of the small-x intercept for the quark helicity TMD
and PDF, and for the g1 structure function.
We have also numerically solved the small-x helicity
evolution equations (15) of Ref. [1] in the large-Nc limit.
We found an intercept of αh = 2.31
√
αsNc/2pi, which,
from Eq. (31), is a direct input from theory on the behav-
ior of ∆Σ(x,Q2) at small x. Although a more rigorous
phenomenological study is needed, we demonstrated in
a simple approach that such an intercept could offer a
moderate to significant enhancement of the quark contri-
bution to the proton spin. Therefore, it appears impera-
tive to include the effects of the small-x helicity evolution
discussed here in future fits of helicity PDFs, especially
those to be obtained at an Electron-Ion Collider.
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